We prove the following analogue of a Theorem of R.O. Davies: Every Σ 1 2 function f : R × R → R can be represented as a sum of rectangular Σ 1 2 functions if and only if all reals are constructible.
§1. Introduction
(A) In [1] , R. O. Davies proofs that the continuum hypthesis, CH, is equivalent to the statement that every function f : R × R → R can be represented as a sum of "rectangular" functions as follows: There are g n , h n : R → R, n ∈ ω, such that f (x, y) = ∞ n=0 g n (x)h n (y), where at each (x, y) ∈ R 2 there are at most finitely many non-zero terms in the above sum.
The purpose of this paper is to prove the following descriptive set-theoretic analogue of Davies' Theorem:
Theorem. Every Σ g(x, n)h(y, n), where g, h : R × ω → R are Σ 1 2 functions and the sum has only finitely many non-zero terms at each (x, y) ∈ R 2 , if and only if all reals are constructible.
We also show that it is not possible to represent f (x, y) = e xy in this way with Baire or Lebesgue measurable functions g and h. More generally, we give an example of a Borel (in fact, ∆ 1 1 ) function f : R × R → R which does not admit a rectangular sum representation as above with Baire or Lebesgue measurable g and h, even if we drop the finiteness assumption.
(B) Organization: In §2 below we show (Theorem 1) that if there is a Σ 1 ngood wellordering of R then every Σ
with Σ 1 n functions g, h : R × ω → R, and where the sum has only finitely many non-zero terms at each (x, y) ∈ R 2 . In §3 we establish the converse in the case of Σ 
is Σ 
where the sum has only finitely many non-0 terms at each (x, y).
The following Lemma codes the inductive step:
and such that each such quadruple is repeated infinitely many times. Define ψ :
Note that by definition of S , ψ(x, s, g, t, h) is defined for all x ∈ R and (s, g, t, h) ∈ S , and that ψ is ∆
wheref(x, y) = f (y, x) and is likewise Σ 1 n when f is. For the remainder of the proof of the Lemma, let z = θ 0 f (x, s, g, t, h) and (p, q, q ′ , r) = ψ(x, s, g, t, h) for some fixed (x, s, g, t, h) ∈ R × S .
there is nothing to show. Assume that 0 ∈ K. Then we can find infinitely many i for which K = {0} ∪ (K i + 1) and
′ is handled similarly, with q replacing q ′ . Finally, the second conjunct of the definition of S is handled similarly, using r.
Proof. W.m.a. k = p i and p i > r i−1 , or that k = q i for some i. In the first case, it follows that p i > p j and so that i > j. Hence h(j, p i ) = 0. In the second case, we have q i > p j and so that i ≥ j. Thus per definition of q i we have that h(j, q i ) = 0.
Proof. By claim 2 we have that
This also ends the proof of Lemma 1.1.
We can now finish the the proof of Theorem 1: Let < * be a Σ 1 n -good wellordering of R and let IS ⊆ R × R ≤ω be the initial segment relation as defined in the beginning of this section. Since we have uniformization, we can find a Σ
Clearly Ψ is Σ 1 n . Then we may go ahead and define Σ 1 n functions g, h :
which by construction gives
g(x, n)h(y, n). §3. A definable converse.
We now aim to show the following converse to Theorem 1:
with only finitely many non-zero terms at each (x, y) then there is a Σ 1 2 wellordering or R.
Since by Mansfield's Theorem ( [2] , 26.39) the existence of a Σ 1 2 wellordering or R is equivalent to that all reals are constructible, Theorem 2 together with Theorem 1 proves the Theorem stated in the introduction. We need two lemmata for the proof, both of which are interesting in their own right. 
where [R]
ω denotes the set of finite subsets
Claim. θ is finite-to-1.
Proof. Suppose not. Then there is some s = {a 0 , . . . a n } such that θ
<ω , the quantifiers (∀x ∈ s) and (∃x ∈ s) can be replaced by number quantifiers in hierarchy calculations.
and so exactly as in the proof of Theorem 2 in [1] , we now have the matrix identity
is a product of an n × n − 1 and n − 1 × n matrix, and so ker[e a i b j ] i,j = {0}, which is a contradiction since the sequences a 0 , . . . a n and are b 0 , . . . , b n are distinct.
Let ≺ lex be the lexicographic order on [A] <ω gotten from ≺ on A. Then we define < * by
where < is the usual ordering of R, and this is a Σ 1 n wellordering of R.
3.2.
Lemma. There are no Baire or Lebesgue measurable g, h : R×ω → R such that
where the sum has finitely many non-zero terms at each (x, y).
Proof. Suppose there are Baire measurable g, h : R × ω → R representing e xy as above. Then
is also Baire measurable. It follows that there is some N 0 such that
is non-meagre and has the property of Baire. Thus we may find U, V ⊆ R open and non-empty such that A is comeagre in U × V . By KuratowskiUlam's Theorem it follows that {x ∈ U : A x is comeagre in V } is comeagre in U. Hence we may pick distinct elements b 0 , . . . , b N 0 +1 ∈ U such that A b i is comeagre in V for i = 0, . . . , N 0 + 1. But then we may pick distinct elements
which gives us that
and we obtain the same contradiction as in the previous lemma.
The proof of the Lebesgue measurable case is similar.
Proof of Theorem 2. Suppose we have Σ with the sum having only finitely many non-zero terms at each (x, y), does the conclusion of Theorem 2 still hold? That is, is it is necessary in Theorem 2 that g n , h n are Σ 1 2 uniformly in n? In the paper [5] , Shelah shows that the converse in Davies' original Theorem does not remain true if we drop the assumption that the sum must have at most finitely many non-zero terms and only require the sum to converge pointwise. We pose the same question in the definable context: Question 2. If we drop the finiteness condition in Theorem 2, does the conclusion still hold?
Shelah also shows that if we add ℵ 2 Cohen reals, then there is a function f : R × R → R which does not allow a representation
even when we allow for the sum to have infinitely many non-zero terms, requiring only that it converges pointwise. In analogy with that result we have the following: Theorem 3. There is a Borel function f : R × R → R such that for no Baire or Lebesgue measurable functions g n , h n : R → R do we have f (x, y) = ∞ n=0 g n (x)h n (y), for all (x, y), where the sum converges pointwise but may have infinitely many non-zero terms.
Proof. Let as usual E 0 denote the equivalence relation on 2 ω defined by xE 0 y ⇐⇒ (∃N)(∀n ≥ N)x(n) = y(n).
Let 1 E 0 be the characteristic function of E 0 . Suppose now that there are Baire measurable g n , h n : R → R such that
g n (x)h n (y).
Then we can find a comeagre set A on which on which all the functions g n , h n are continuous. But then for x, y ∈ A we have
This gives us a G δ definition of E 0 on A, and hence E 0 must be a smooth equivalence relation there by [3] , Theorem ?. But E 0 is not smooth on any comeagre set, and we have a contradiction. The proof of the Lebesgue measurable case is similar. 
